Abstract. We introduce anti-invariant Riemannian submersions from cosymplectic manifolds onto Riemannian manifolds. We survey main results of anti-invariant Riemannian submersions defined on cosymplectic manifolds. We investigate necessary and sufficient condition for an anti-invariant Riemannian submersion to be totally geodesic and harmonic. We give examples of anti-invariant submersions such that characteristic vector field ξ is vertical or horizontal. Moreover we give decomposition theorems by using the existence of anti-invariant Riemannian submersions.
Introduction
In [16] , O'Neill defined a Riemannian submersion, which is the "dual" notion of isometric immersion, and obtained some fundamental equations corresponding to those in Riemannian submanifold geometry, that is, Gauss, Codazzi and Ricci equations. We have also the following submersions:
semi-Riemannian submersion and Lorentzian submersion [7] , Riemannian submersion ( [8] ), slant submersion ( [5] , [22] ), almost Hermitian submersion [24] , contact-complex submersion [12] , quaternionic submersion [11] , almost h-slant submersion and h-slant submersion [18] , semi-invariant submersion [23] , h-semi-invariant submersion [19] , etc. As we know, Riemannian submersions are related with physics and have their applications in the Yang-Mills theory ( [3] , [25] ), Kaluza-Klein theory ( [4] , [9] ), Supergravity and superstring theories ( [10] , [26] ). In [21] , Sahin introduced anti-invariant Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds.
In this paper we consider anti-invariant Riemannian submersions from cosymplectic manifolds. The paper is organized as follows: In section 2, we present the basic information about Riemannian submersions needed for this paper. In section 3, we mention about cosymplectic manifolds. In section 4, we give definition of anti-invariant Riemannian submersions and introduce anti-invariant Riemannian submersions from cosymplectic manifolds onto Riemannian manifolds. We survey main results of anti-invariant submersions defined on cosymplectic manifolds. We give examples of anti-invariant submersions such that characteristic vector field ξ is vertical or horizontal. Moreover we give decomposition theorems by using the existence of anti-invariant Riemannian submersions and observe that such submersions put some restrictions on the geometry of the total manifold.
Riemannian Submersions
In this section we recall several notions and results which will be needed throughout the paper.
Let (M, g M ) be an m-dimensional Riemannian manifold , let (N, g N ) be an n-dimensional Riemannian manifold. A Riemannian submersion is a smooth map F : M → N which is onto and satisfies the following three axioms: S1. F has maximal rank. S2. The differential F * preserves the lenghts of horizontal vectors.
The fundamental tensors of a submersion were defined by O'Neill ( [16] , [17] ). They are (1, 2)-tensors on M , given by the formula:
T (E, F ) = T E F = H∇ VE VF + V∇ VE HF, (2.1)
A(E, F ) = A E F = V∇ HE HF + H∇ HE VF, (2.2) for any vector field E and F on M. Here ∇ denotes the Levi-Civita connection of (M, g M ). These tensors are called integrability tensors for the Riemannian submersions. Note that we denote the projection morphism on the distributions kerF * and (kerF * )
⊥ by V and H, respectively.The following Lemmas are well known ( [16] , [17] ).
Lemma 1. For any U, W vertical and X, Y horizontal vector fields, the tensor fields T ,
A satisfy:
It is easy to see that T is vertical, T E = T VE and A is horizontal, A = A HE . For each q ∈ N, F −1 (q) is an (m−n) dimensional submanifold of M . The submanifolds F −1 (q), q ∈ N, are called fibers. A vector field on M is called vertical if it is always tangent to fibers. A vector field on M is called horizontal if it is always orthogonal to fibers. A vector field X on M is called basic if X is horizontal and F -related to a vector field X on N, i. e., F * X p = X * F (p) for all p ∈ M.
for X, Y ∈ Γ((ker F * ) ⊥ ) and V, W ∈ Γ(ker F * ), where∇ V W = V∇ V W. Notice that T acts on the fibres as the second fundamental form of the submersion and restricted to vertical vector fields and it can be easily seen that T = 0 is equivalent to the condition that the fibres are totally geodesic. A Riemannian submersion is called a Riemannian submersion with totally geodesic fiber if T vanishes identically. Let U 1 , ..., U m−n be an orthonormal frame of Γ(ker F * ). Then the horizontal vector field H
T Uj U j is called the mean curvature vector field of the fiber. If H = 0 the Riemannian submersion is said to be minimal. A Riemannian submersion is called a Riemannian submersion with totally umbilical fibers if (2.9) 
We recall the notion of harmonic maps between Riemannian manifolds. Let (M, g M ) and (N, g N ) be Riemannian manifolds and suppose that ϕ : M → N is a smooth map between them. Then the differential ϕ * of ϕ can be viewed a section of the bundle Hom(T M, ϕ −1 T N ) → M, where ϕ −1 T N is the pullback bundle which has fibres (ϕ
has a connection ∇ induced from the Levi-Civita connection ∇ M and the pullback connection. Then the second fundamental form of ϕ is given by
, where ∇ ϕ is the pullback connection. It is known that the second fundamental form is symmetric. If ϕ is a Riemannian submersion it can be easily prove that
is said to be harmonic if trace(∇ϕ * ) = 0. On the other hand, the tension field of ϕ is the section τ (ϕ) of
where {e 1 , ..., e m } is the orthonormal frame on M . Then it follows that ϕ is harmonic if and only if τ (ϕ) = 0, for details, [1] . Let g be a Riemannian metric tensor on the manifold M = M 1 × M 2 and assume that the canonical foliations D M1 and D M2 intersect perpendicularly everywhere. Then g is the metric tensor of a usual product of Riemannian manifolds if and only if D M1 and D M2 are totally geodesic foliations [20] .
Cosymplectic Manifolds
A (2m + 1)-dimensional C ∞ -manifold M is said to have an almost contact structure if there exist on M a tensor field φ of type (1, 1), a vector field ξ and 1-form η satisfying:
There always exists a Riemannian metric g on an almost contact manifold M satisfying the following conditions
where X, Y are vector fields on M.
An almost contact structure (φ, ξ, η) is said to be normal if the almost complex structure J on the product manifold M × R is given by
where f is the C ∞ -function on M ×R has no torsion i.e., J is integrable. The condition for normality in terms of φ, ξ and η is [φ, φ] + 2dη ⊗ ξ = 0 on M , where [φ, φ] is the Nijenhuis tensor of φ. Finally, the fundamental two-form Φ is defined by Φ(X, Y ) = g(X, φY ).
An almost contact metric structure (φ, ξ, η, g) is said to be cosymplectic, if it is normal and both Φ and η are closed ( [2] , [14] ), and the structure equation of a cosymplectic manifold is given by
for any X, Y tangent to M, where ∇ denotes the Riemannian connection of the metric g on M. Moreover, for cosymplectic manifold
The canonical example of cosymplectic manifold is given by the product B 2n ×R Kahler manifold B 2n (J, g) with R real line. Now we will introduce a well known cosymplectic manifold example on R 2n+1 .
Example 1 ([15]).
We consider R 2n+1 with Cartesian coordinates (x i , y i , z) (i = 1, ..., n) and its usual contact form
The characteristic vector field ξ is given by ∂ ∂z and its Riemannian metric g and tensor field φ are given by
This gives a cosymplectic structure on R 2n+1 . The vector fields 
The fundamental 2-form Φ have the form
This gives a cosymplectic structure on R 5 . If we take vector fields
then these vector fields form a frame field in R 5 .
Anti-invariant Riemannian submersions
Now we will introduce some examples.
Example 3. R 5 has got a cosymplectic structure as in Example 1.
). Then, by direct calculations
Then it is easy to see that F is a Riemannian submersion. Moreover,
. After some calculations we have
After some calculations we have
, z). After some calculations we have
4.1. Anti-invariant submersions admitting vertical structure vector field. In this section, we will study anti-invariant submersions from a cosymplectic manifold onto a Riemannian manifold such that the characteristic vector field ξ is vertical.
It is easy to see that µ is an invariant distribution of (ker F * ) ⊥ , under the endomorphism φ. Thus, for X ∈ Γ((ker F * ) ⊥ ), we write
where BX ∈ Γ(ker F * ) and CX ∈ Γ(µ). On the other hand, since F * ((ker F * ) ⊥ ) = T N and F is a Riemannian submersion, using (4.2) we derive g N (F * φV, F * CX) = 0, for every X ∈ Γ((ker F * )) ⊥ and V ∈ Γ(ker F * ), which implies that
Then the characteristic vector field ξ is vertical and m = n.
Proof. By the assumption φ(ker F * ) = (ker F * ) ⊥ , for any U ∈ Γ(ker F * ) we have g M (ξ, φU ) = −g M (φξ, U ) = 0, which shows that the structure vector field is vertical. Now we suppose that U 1 , ..., U k−1 , ξ = U k be an orthonormal frame of Γ(ker F * ), where k = 2m − n + 1. Since φ(ker F * ) = (ker F * ) ⊥ , φU 1 , ..., φU k−1 form an orthonormal frame of Γ((ker F * ) ⊥ ). So, by help of (4.3) we obtain k = n + 1 which implies that m = n.
Remark 1. We note that Example 3 and Example 4 satisfy Theorem 1.
From (3.1) and (4.2) we have following Lemma.
Then we have
Using (3.3) one can easily obtain
Proof. By virtue of (2.5) and (3.4) we have (4.5). Using (2.7) and (3.4) we get (4.6). For X ∈ Γ((ker F * ) ⊥ ) and U ∈ Γ(ker F * ), by virtue of (3.2) and (4.2) we get
Since φBX ∈ Γ((ker F * ) ⊥ ) and ξ ∈ Γ(ker F * ), (4.9) implies (4.7). Then using (2.7), (3.3) and (4.7), we have
, we obtain (4.8).
be an anti-invariant Riemannian submersion. Then the fibers are not proper totally umbilical.
Proof. If the fibers are proper totally umbilical, then we have T U V = g M (U, V )H for any vertical vector fields U, V where H is the mean curvature vector field of any fibre. Since T ξ ξ = 0, we have H = 0, which shows that fibres are minimal. Hence the fibers are totally geodesic. This completes proof of the Theorem.
Since the distribution ker F * is integrable, we only study the integrability of the distribution (ker F * )
⊥ and then we investigate the geometry of leaves of ker F * and (ker F * ) ⊥ . 
Proof. Using (4.4), for X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ) we get
Then from (4.2) we have
Using (2.2), (2.7) and (4.8) and if we take into account that F is a Riemannian submersion, we obtain
Thus, from (2.12) we have
which proves (i) ⇔ (ii). On the other hand using (2.12) we get
Then (2.7) implies that
Remark 2. If φ(ker F * ) = (ker F * ) ⊥ then we get C = 0 and morever (4.3) implies that T N = F * (φ(ker F * )).
Hence we have the following Corollary. and (N, g N ) is a Riemannian manifold. Then following assertions are equivalent to each other; (N, g N ) . Then the following assertions are equivalent to each other;
Theorem 4. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M (φ, ξ, η, g M ) to a Riemannian manifold
Proof. From (3.2) and (3.3) we obtain
for X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ).Using (2.7) and (4.2)
The last equation shows (i) ⇔ (ii).
For X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ),
Since differential F * preserves the lenghts of horizontal vectors the relation (4.10) forms
Using, (3.3), (3.2), (2.12) and (2.13) in (4.11) respectively, we obtain
which tells that (ii) ⇔ (iii).
is a cosymplectic manifold and (N, g N ) is a Riemannian manifold. Then the following assertions are equivalent to each other;
i) (ker F * ) ⊥ defines a totally geodesic foliation on M. ii) A X φY = 0. iii) (∇F * )(X, φY ) = 0 for X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ).
Theorem 5. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M (φ, ξ, η, g M ) to a Riemannian manifold (N, g N ). Then the following assertions are equivalent to each other; i) (ker F * ) defines a totally geodesic foliation on
Proof. Since g M (W, X) = 0 we have g M (∇ V W, X) = −g(W, ∇ V X). From (3.2) and (3.3) we get g M (∇ V W, X) = −g M (φW, H∇ V φX). Then Riemannian submersion F and (2.12) imply that
which is (i) ⇔ (ii). By direct calculation, we derive
Using (4.2) we have
Hence we get
Since [V, CX] ∈ Γ(ker F * ), using (2.5) and (2.7), we obtain
This shows (ii) ⇔ (iii). 
We note that a differentiable map F between two Riemannian manifolds is called totally geodesic if ∇F * = 0. For an anti-invariant Riemannian submersion such that φ(ker F * ) = (ker F * )
⊥ we have the following characterization. T W φV = 0, ∀W, V ∈ Γ(ker F * ) and (4.13)
Proof. First of all, we recall that the second fundamental form of a Riemannian submersion satisfies (2.13). For W, V ∈ Γ(ker F * ), by using (2.6), (2.12), (3.1) and (3.3), we get
On the other hand by using (2.12) and (3.3) we have
for X ∈ Γ((ker F * ) ⊥ ). Then from (2.8) and (3.1), we obtain (4.15) (∇F * )(X, W ) = F * (φA X φW ).
Since φ is non-singular, using (2.10) and (2.11) proof comes from (2.13), (4.14) and (4.15).
Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian submersion such that φ(ker F * ) = (ker F * )
⊥ to be harmonic. and (N, g N ) is a Riemannian manifold. Then F is harmonic if and only if TraceφT V = 0 for V ∈ Γ(ker F * ).
Proof. From [6] we know that F is harmonic if and only if F has minimal fibres. Thus F is harmonic if and only if
T ei e i = 0, where k is dimension of ker F * . On the other hand, from (2.5), (2.6) and (3.3), we get (4.16)
Then, using (2.3) we have
Hence, proof comes from (3.2).
Using [20] , Theorem 4 and Theorem 5 we will give our first decomposition theorem for an anti invariant Riemannian submersion.
Theorem 8. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M (φ, ξ, η, g M ) to a Riemannian manifold (N, g N ). Then M is a locally product manifold if and only if
From Corollary 2 and Corollary 3 we obtain following decomposition theorem. and (N, g N ) is a Riemannian manifold. Then M is a locally product manifold if and only if A X φY = 0 and
4.2. Anti-invariant submersions admitting horizontal structure vector field. In this section, we will study anti-invariant submersions from a cosymplectic manifold onto a Riemannian manifold such that the characteristic vector field ξ is horizontal. Using (4.1), we have µ = φµ ⊕ {ξ}. For any horizontal vector field X we put
where where BX ∈ Γ(ker F * ) and CX ∈ Γ(µ). Now we suppose that V is vertical and X is horizontal vector field. Using above relation and (3.2) we obtain g M (φV, CX) = 0. From this last relation we have g N (F * φV, F * CX) = 0 which implies that (4.18) T N = F * (φ(ker F * )) ⊕ F * (µ).
Proof. We assume that U 1 , ..., U k be an orthonormal frame of Γ(ker F * ), where k = 2m − n + 1. Since (ker F * ) ⊥ = φ ker F * ⊕ {ξ}, φU 1 , ..., φU k , ξ form an orthonormal frame of Γ((ker F * ) ⊥ ). So, by help of (4.3) we obtain k = n − 1 which implies that m + 1 = n.
Remark 3. We note that Example 6 satisfies Theorem 10.
From (3.1), (4.18) and (4.17) we obtain following Lemma.
Proof. By virtue of (2.8) and (3.4) we have (4.20) . Using (2.6) and (3.4) we obtain (4.21). For X ∈ Γ((ker F * ) ⊥ ) and U ∈ Γ(ker F * ), by virtue of (3.2) and (4.17) we get
Since φBX ∈ Γ((ker F * ) ⊥ ) and ξ ∈ Γ(ker F * ), (4.24) implies (4.22). Now using (4.22) we get
for X, Y ∈ Γ((ker F * ) ⊥ ) and U ∈ Γ(ker F * ). Then using (2.7) and (3.3) we have
, we obtain (4.23).
Proof. If the (ker F * ) ⊥ are proper totally umbilical, then we have
, where H is the mean curvature vector field of (ker F * )
⊥ . Putting ξ instead of Y in (4.25) and then using (4.20) we get H = 0. This shows that (ker F * )
⊥ is totally geodesic. This completes proof of the Theorem.
We now study the integrability of the distribution (ker F * ) ⊥ and then we investigate the geometry of leaves of ker F * and (ker F * ) ⊥ .
Theorem 12. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M (φ, ξ, η, g M ) to a Riemannian manifold (N, g N ) . Then the following assertions are equivalent to each other;
Proof. Using (4.19), for X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ) we get
Then from (4.17) we have
Using (2.2), (2.7) and (4.23) and if we take into account that F is a Riemannian submersion, we obtain
which proves (i) ⇔ (ii).On the other hand using (2.12) we get
Remark 4. We assume that (ker F * ) ⊥ = φ ker F * ⊕ {ξ}. Using (4.17) one can prove that
Then the following assertions are equivalent to each other; 
for X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ).Using (4.17)
From (2.7) and (4.8)
The last equation shows (i) ⇔ (ii).
Since differential F * preserves the lenghts of horizontal vectors the relation (4.26) forms
Using, (3.3), (3.2), (2.12) and (2.13) in (4.27) respectively, we obtain
which tells that (ii) ⇔ (iii). 
For the distribution ker F * , we have; 
Using (4.17) we have
This shows (ii) ⇔ (iii). manifold and (N, g N ) is a Riemannian manifold. Then following assertions are equivalent to each other; i)(ker F * ) defines a totally geodesic foliation on M. ii)(∇F * )(V, φX) = 0, for X ∈ Γ((ker F * ) ⊥ ) and V, W ∈ Γ(ker F * ). iii) T V φW = 0. Proof. First of all, we recall that the second fundamental form of a Riemannian submersion satisfies (2.13). For W, V ∈ Γ(ker F * ), by using (2.6), (2.12), (3.1) and (3.3), we get (4.30) (∇F * )(W, V ) = F * (φT W φV ).
On the other hand by using (2.12) and (3.3) we have (∇F * )(X, W ) = F * (φ∇ X φW ) for X ∈ Γ((ker F * ) ⊥ ). Then from (2.8) and (3.1), we obtain (4.31) (∇F * )(X, W ) = F * (φA X φW ).
Since φ is non-singular, using (2.10) and (2.11) proof comes from (2.13), (4.30) and (4.31).
Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian submersion such that (ker F * ) ⊥ = φ ker F * ⊕ {ξ} to be harmonic. Proof. From [6] we know that F is harmonic if and only if F has minimal fibres. Thus T ei e i = 0, where k is dimension of ker F * . On the other hand, from (2.5), (2.6) and (3.3), we get (4.32)
T V φW = φT V W for any W, V ∈ Γ(ker F * ). Using (4.32), we get
g M (T ei e i , φV ) for any V ∈ Γ(ker F * ). (2.10) implies that
g M (T ei e i , φV ).
From Theorem 13 and Theorem 14 we have following Theorem. 
